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1 Introduction 

In the last 50 years, or more, several papers have dealt with connections between non- 
commutative algebra and algebraic geometry. 

Sometimes the term non-commutative algebraic geometry has been used, which I hnd mis¬ 
leading since there are several quite disjoint instances of these connections. Loosely the only 
unifying ideas are some information on various sorts of spectral theory of operators. 

In this paper we want to examine a particular theory, that of algebras with polynomial 
identities, and show how a sequence of varieties of semi-simple representations, see 13.3.11 
appears naturally associated to a PI theory, see Theorems 13.11 and 13.131 
These varieties are among a series of discrete, geometric and combinatorial invariants of PI 
theories, together with these one should also consider some moduli spaces, which parametrise 
certain coherent sheaves on these representation varieties. At the moment these objects seem 
to be hard to treat although some hints will be given in the last part of the paper. 

In this paper algebra will always mean associative algebra over some held F. We will also 
assume that F is of characteristic 0, otherwise too many difficult and sometimes unsolved 
problems arise, when convenient we shall also assume that F is algebraically closed. 

Let us recall the main dehnitions and refer the reader to Rowen’s book for a comprehensive 
discussion of the basic material, [ID] or V. Drensky, [15] and V. Drensky-E. Formanek [16] . 

We start from the free associative algebra F(X) , in some hnite or countable set of variables Xi, 
with basis the words in these variables, and whose elements we think of as non commutative 
polynomials. 

Given any algebra A we have for every map, X ^ A, Xi ^ Oi an associated evaluation of 
polynomials /(xi,..., Xm) ^ , am) G A and then 

Definition 1.1. • A polynomial f{xi,... ,Xm) ^ F{^) is a polynomial identity of A, 

short PI, if /(oi,..., Om) = 0 for all evaluations in A. 

• A PI algebra is an algebra A which satishes a non-zero polynomial identity. 

• Two algebras A, B are Pl-equivalent if they satisfy the same polynomial identities. 

The set Id{A) of PPs of A in the variables X is an ideal of F{X) closed under all possible 
endomorphisms of F{X), that is substitutions of the variables Xi with polynomials. Such 
an ideal I is called a T-ideal, the quotient F{X)/I satishes all the identities in J. In fact 
F{X) /Id{A) is a free algebra in the category of all algebras which satisfy the PPs of A. 
When X is countable and / is a T-ideal, then I is the ideal of all polynomial identities of 
F{X)/L 

One usually says that F{X)/I is a relatively free algebra. 

Remark 1.2. There is a small annoying technical point, sometimes it is necessary to work 
with algebras without 1 (in the sense that either there is truly not 1 or we do not consider it 
as part of the axioms). In this case the free algebra has to be taken without 1. This implies 
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a different notion of T-ideals, since in the case of algebras with 1, a T-ideal is also stable 
under specialising a variable to 1, while this is not allowed in the other case. We leave to 
the reader to understand in which setting we are working. 


As usual polynomials have a dual aspect of symbolic expressions or functions, the same 
happens in PI theory where F(X) / 1 can be identified to an algebra of polynomial maps 
—)■ A which commute with the action of the automorphism group of A. 

Its algebraic combinatorial nature is quite complex and usually impossible to describe in 
detail even for very special algebras A. In general the algebra of all polynomial maps 
commuting with the action of the automorphism group of A is strictly larger. A major 
example is when A = Mn{F) is the algebra of n x n matrices over F where one quickly finds 
a connection with classical invariant theory. Even this basic example cannot be described in 
full except in the trivial case n = 1 and the non-trivial case n = 2 cf. [32] . 

A major difficulty in the Theory is the fact that relatively free algebras F{X)/I, even when X 
is hnite, almost never satisfy the Noetherian condition, cf. Amitsur [6], that is the fact that 
ideals (right, left or bilateral) have a finite set of generators. This is not just a technical point 
but reflects some deep combinatorics appearing. This is in part overcome by the solution of 
the Specht problem by Kemer, Theorem 12.61 Section (|2] is devoted to a quick overview of 
the required Kemer theory. In particular we shall stress the role of fundamental algebras, see 
Dehnition 12.191 and Theorem 12.231 which are the building pieces of PI equivalence classes of 
hnite dimensional algebras. 

In (|3] we start to draw some consequences of Kemer’s theory. The hrst goal of this paper 
is to show. Theorem 13.11 that, when X is hnite, for a given relatively free algebra F{X)/I 
there is a canonical hnite hltration by T-ideals iPj such that the quotients Ki/Ki_i have 
natural structures of hnitely generated modules over special hnitely generated commutative 
algebras %. In fact each piece KijKi^i is a two sided ideal in some special trace algebras 
which are hnitely generated modules over these commutative algebras. These algebras 71 are 
coordinate rings of certain representation varieties, 1 13.3.11 and the word geometry appearing 
in the title refers to the geometric description of the algebraic varieties supporting the various 
modules iPj/iPj-i, see Theorem 13.131 

As next step we show that these varieties are natural quotient varieties parametrising semi¬ 
simple representations. As an important consequence in Corollary 13 .1 41 we show that: 
if two fundamental algebras are PI eguivalent then they have the same semisimple part. 

Then from some explicit information on these varieties we shall deduce a number of corollaries 
computing the dimension of the relatively free algebras. Proposition 13.181 and the growth of 
the cocharacter sequence, see Dehnition 12.31 using some general facts of invariant theory. 

Corollary ESni 

In the hnal section dH we shall indicate a method to classify hnite dimensional algebras up 
to Pl-equivalence 1 14.11 
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2 Growth and the theory of Kemer 

In this section we recall basic results of PI theory which motivate our research and are needed 
for the material of this paper 

2.0.1 Growth 

Given n, we let Vn denote the space of multilinear polynomials of degree n in the vari¬ 
ables xi,... ,Xn- The space Vn has as basis the monomials x„(^i)... Xa-(n) as a runs over all 
permutations of 1, 2,..., n, so dim Vn = n\. 

Identities can always be multilinearized, hence the subset Id{A) fl Vn plays a special role 
and, in characteristic zero, the ideal Id{A) is completely determined by the sequence of 
multilinear identities {Id{A) n Vn}n>i- In order to study dim {Id{A) n Vn) we introduce the 
quotient space Vn/{Id{A) n 14) and its dimension 



The integer c„(4) is the n-th codimension of A. Clearly c„(4) determines dim {Id{A) n 14) 
since dim 14 is known. 

The study of growth for PI algebra A is mostly the study of the rate of growth of the sequence 
Cn(A) of its codimensions, as n goes to inhnity. For a full survey we refer to |37]. We have 
the following basic property proved by Regev. 

Theorem 2.1. Cn(A) is always exponentially bounded. 

We have then the integrality theorem of Giambruno-Zaicev. 

Theorem 2.2. Let A be a PI algebra over a filed F with char{F) = 0, then the limit 


lim Cn{Af^^ e N 


exists and is an integer, called exponent. 

The space Vn/{Id{A)r]Vn) is a representation of the symmetric group Sn acting by permuting 
variables and 

Definition 2.3. The Sn character of that space, xSni^n/ {hd{A) n 14)) is denoted 



and is called the n-th cocharacter of A. 

Since c„(4) = degx„(4), cocharacters are rehnement of codimensions, and are important 
tool in their study. By a theorem of Amitsur-Regev and of Kemer, Xn{A) is supported on 
some {k,i) hook. Shirshov’s Height Theorem, [13], then implies that the multiplicities of the 
irreducible characters, in the cocharacter sequence, are polynomially bounded. 

One of the goals of this paper is to discuss, see 1 13.3.41 and 1 13.41 some further informations 
one can gather on these numbers using geometric methods. 
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2.1 Three fundamental theorems 

We need to review the results and some of the techniques of the Theory of Kemer, presented 
in the monograph [25], see also [3] or the forthcoming book [2]. 

A fundamental Theorem of Kemer states that 

Theorem 2.4. [Kemer] If X is a finite set, a non-zero T-ideal I of F{X) is the ideal of 
polynomial identities in the variables X for a finite dimensional algebra A. 

In other words any finitely generated PI algebra is PI equivalent to a hnite dimensional 
algebra. 

This is in fact the hrst part of a more general statement, let us consider the Grassmann 
algebra, thought of as super-algebra, in countably many odd generators G := /\[ei,e 2 , ■ ■ .] 
decomposed as G = Go © Gi into its even and odd part. 

Theorem 2.5. [Kemer] Every PI algebra R is PI eguivalent to the Grassmann envelope 
Go © Ao © Gi © Ai of a finite dimensional super-algebra A = Aq® Ai. 

The algebra A is of course not unique, nevertheless some normalisations in the choice of A 
can be made and the purpose of this paper is to show that there is a deep geometric structure 
of the algebra F{X)/I which reflects the structure of these normalised algebras. 

A major motivation of Kemer was to solve the Specht problem, that is to prove 

Theorem 2.6. [Kemer] All T-ideals are finitely generated as T-ideals. 

This implies that, when working with T-ideals, we can use the standard method of Noethe- 
rian induction that is, every non empty set of T-ideals contains maximal elements. 

2.1.1 Alternating polynomials 

Kemer’s theory is based on the existence of some special alternating polynomials which are 
not identities, that is do not belong to a given T-ideal P. So let us start by reviewing this 
basic formalism. 

Let us £x some positive integers /i, t, s, we want to construct multilinear polynomials in some 
variables X and possibly other variables Y. We want to have N = pit + s{t + 1) variables X 
decomposed as p disjoint subsets called small layers Xi,... ,X^, with t elements each and s 
big layers Zi,..., Zg, with t + 1 elements each, we consider polynomials alternating in each 
layer. 

Such a space of polynomials is obtained, by operations of substitution of variables, from a 
hnite dimensional space W) constructed as follows. 

Take iV + 1 variables wi,W 2 , ■ ■ ■, wn+i and consider the space spanned by the N\ monomials 

WiX„(^l)W2X^(^2) ■ ■ ■ WNXa{N)WN+l, <7 G Sn+1- 

In this space the subgroup G := Sf x acts permuting the monomials and thus we have 
a subspace IK) of dimension N\/tY[t + 1)!^ with basis all possible polynomials 

alternating in these layers. 
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Since in general we work with algebras without 1 we also need to add all polynomials obtained 
from these by specialising some of the variables tCj to 1. 

We obtain thus a space Mx = of polynomials in X, and some of the W, 

alternating in the layers of X, so that, if we take any polynomial f{X, Y) which is multilinear 
and alternating in the layers of X, and depends on other variables Y, this polynomial is 
obtained as linear combination of elements of Mx after substitution of the variables Wi with 
polynomials in the variables Y. 

In particular this shows how from a space ^ hh) one may deduce, by variable substi¬ 
tutions, larger spaces M^i,s'{.X, W), p' > p, t' > t, s' > s. 

Particular importance have the Capelli polynomials, introduced by Razmyslov, [3l] 

3^2) • • • ) ^2) • • • ; ^ ^ ^(T'^l^cr{l)'^2^cr{2) • • • (1) 

In fact this polynomial plays a role analogous to that of the classical Capelli identity, which 
is instead an identity of differential operators. 

Since one often needs to analyse algebras without 1, it is useful to introduce the Capelli list 
Cm of all polynomials deduced from X 2 , ■ ■ ■ ,Xm',Wi,W 2 , ■ ■ ■, Wm+i) by specialising one 

or more of the variables tCj to 1. 

One of the facts of the theory, consequence of Theorem 12.41 is 

Proposition 2.7. A PI algebra is PI equivalent to a finite dimensional algebra if and only 
if it satisfies some Capelli identity^ 

In this paper we want to concentrate on hnite dimensional algebras so we shall from now 
on assume that some Capelli identity is satished. In this way we do not need to introduce 
super-algebras nor apply Theorem 12.51 Nevertheless most results could be extended to 
super-algebras in a more or less straightforward way as will be presented in the forthcoming 
book [2]. 

2.1.2 Use of Schur—Weyl duality 

Recall that, given a vector space V with dim V = k, on each tensor power act the 
general linear group GLiV) and the symmetric group Sd which span two algebras each the 
centralizer of the other. In characteristic 0 both algebras are semi-simple and thus we have 
the Schur-Weyl duality decomposition in isotypic components, indexed by partitions A h d 
of height < dim V = k\ 

M(x)<kSxiy) ® M^. ( 2 ) 

The M\ are the irreducible representations of the symmetric group Sd, constructed from 
the theory of Young symmetrizers, with character xa- The modules Sx{V), are irreducible 
representations of GL{V) which in fact can be thought of as polynomial functors on vector 
spaces called the Schur functors (cf. 


^for algebras without 1 we mean that it also satisfies all the identities of the Capelli list. 






We consider the free algebra F{X) as the tensor algebra T{V) over an inhnite dimensional 
vector space V, with basis the variables X := {xi, 0:2, ...} and take a T ideal I. 

Remark 2.8. If we want to stress the basis X of 1/ we also write S\{V) = Sx{X). 

Since a T-ideal is stable nnder variable snbstitntions it is in particular stable under the 
action of linear group of V, that is GL{V) := UmGL{m, F) and we can decompose T{V)/I 
into irreducible representations of this group deduced From Formula fl^ . 

If we assume that I contains a Capelli identity Gm+i (or a Capelli list) we have a restriction, 
deduced from these Capelli identities, on the height of the partitions appearing in T(y)/F. 

T{V)/I := ©d ©Ahd, ht(x)<mn\S\{V). ( 3 ) 

One can then apply the theory of highest weight vectors, this theory belongs to the Theory 
of Lie and algebraic groups. In our case the notion of weight is just the multidegree in the 
variables x*. An element of weight the sequences ki,k 2 ,... is a non commutative polynomial 
homogeneous of degree ki in each x,. 

Weights are usually equipped with the dominance order which in Lie theory arises from the 
theory of roots, in our case simply /ci, ^2,... is greater than hi,h 2 , ■ ■ ■ in dominance order if 
ki ^ hi, hi + ^2 ^ hi + 1x2, ..., hi + ... + hj > hi + ... + hi,.... 

Consider in GL(y) the unipotent group U of those (strictly upper triangular) linear trans¬ 
formations of type Xj Xj + 

One know that in the space S\{y) the subspace S\{V)^ of U invariants is 1-dimensional 
and generated by an element of weight X that is homogeneous in each Xj of degree hi where 
hi is the length of the row of A, in fact this is a highest weight vector Vising the dominance 
order of weights. Thus if the height of A is < m this element depends only upon the hrst 
m variables. On the other hand since Sx{V) is an irreducible representation of GL{V) it is 
generated by this highest weight vector. One deduces from Theorem 12.41 

Theorem 2.9. A T-idealT C F{X), in countably many variables X is the ideal of identities 
of a finite dimensional algebra if and only if it contains a Capelli list. 

Remark 2.10. This allows us, in order to study the multiplicities nx to restrict the number 
of variables, hence V to any chosen hnite number with the constraint to be > m. 

2.1.3 The Kemer index 

A main tool in the Theory of Kemer is given by introducing a pair of non negative integers 
/3(F), 7 (F), called the Kemer index of F, invariants of a T-ideal F which contains some 
Capelli identities. 

These numbers give a hrst measure of which of the spaces are not entirely 

contained in F, (or not polynomial identities of some given algebra). 
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Definition 2.11. For every T-ideal F, which contains some Capelli identities, we let /9(F) 
to be the greatest integer t such that for every /i G M there exists a /i-fold t-alternating (in 
the n layers Xi with t elements) polynomial not in F: 

We then let 7 (F) to be the maximum s G M for which there exists, for all /i, a polynomial 
f{Xi ,..., Xfj^, Zi,..., Zs, Y) ^ F, alternating in p small layers Xi with /9(F) elements and in 
s big layers Zj with /3(F) + 1 elements. 

The pair (/9(F), 7 (F)) is the Kemer index of F denoted IndF. 

For an algebra A we define the Kemer index of A, denoted by Ind(y4), to be the Kemer index 
of the ideal of polynomial identities of A. 

We order the Kemer indices lexicographically and then observe that 
Remark 2.12. If Fi C F 2 are two T-ideals we have 

IndFi > IndF 2 . 

If F = n^h^Fj is an intersection of T-ideals then 

IndF = maxIndFj 

If = (Bi=iAi is a direct sum of algebras 

Ind( 74 ) = maxInd(A). 

Remark 2.13. By definition, denoting s := 7 (F), there is a minimum po = /no(F) such that 
there is no polynomial f{Xi,... Zi ,..., Y) ^ F, alternating in /i > po layers X^ 
with /3(F) elements and in s + 1 layers Zj with /3(F) + 1 elements. 

Definition 2.14. A polynomial f{Xi ,..., X^, Zi ,..., Zg, K) ^ F alternating in p layers X^ 
with /9(F) elements and in s = 7 (F) layers Zj with /3(F) + 1 elements with p > po + 1 will 
be called a fi-Kemer polynomial. 

A Kemer polynomial is by definition a /i-Kemer polynomial for some /i > po + 1. 

Remark 2.15. A Kemer polynomial f{Xi ,..., Zi ,..., Zg, Y), which is also linear in a 
variable w, not in the layers Zj, has the following property. Fix one of the layers Xi which 
does not contain the variable w, add to it the variable w and alternate these t + 1 variables. 
If w is also in no layer Xj, we produce a polynomial alternating in p — 1 > po layers with t 
elements and in s + 1 layers with t + 1 elements, otherwise ii w E Xj, i ^ j we produce a 
polynomial alternating in /i — 2 > po layers with t elements and in s + 1 layers with t + 1 
elements. By the definition of po and of Kemer polynomial this is always an element of F, 
so if F = Id{A) a polynomial identity of A. 
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Example 2.16. 1) \i A = Mn{F), then every (n^ + l)-alternating polynomial is in Id(y4). 
Conversely, using Capelli polynomials, ©. the product (taken in an ordered way) 


(^1) • • • ) (Xj^i, . . . , , l/jp, • • • , ) Vi^rfl+l )) 

2 = 1 


(4) 


evaluated in suitable e^-’s can take any value Chk for every /i so, in particular, it is not an 
identity. Hence /9(M„(F)) = n^, 7 (M„(F)) = 0. 

2) On the opposite if H is a hnite dimensional nilpotent algebra and 7 ^ 0, = 0 we 

see that its Kemer index is (0, s). 

In a subtle, and not completely understood way, all other cases are a mixture of these two 
special cases. 

Remark 2.17. We could take a slightly different point of view and dehne as p-Kemer 
polynomials for a T ideal with Kemer index t, s to be the elements of W) which 

are not in F, then deduce some larger T-ideal by evaluations of these polynomials. 


2.2 Fundamental algebras 

We need to recall, without proofs, some steps of Kemer’s theory and £x some notations. 

Let H be a hnite dimensional algebra over a held F of characteristic 0, J := radH be its 
Jacobson radical and let A\= A/J, a. semi-simple algebra. 

By Wedderburn’s principal Theorem, cf. [1], we can decompose 

H H © J = © • • • © Rq © J, Ri simple (5) 

where, if we assume F algebraically closed, for every i the simple algebra Ri is isomorphic 
to Mn^{F) for some n*. Due to Example 12.161 2), we will assume from now on that A ^ 0 
and call it the semisimple part of A. 

Definition 2.18. We set Ia '■= dim pAjJ = dim pA, and + 1 be the nilpotency index of 
J, that is ^ 0, = 0. 

We call the pair the t, s-index of A. 

It is easily seen that the t, s index of A is greater or equal than the Kemer index Ind(H), so 
it is important to understand when these two indices coincide. 

With the previous notations consider the quotient map p : A ^ A/J = (Bj=iRi and let for 

R^^ := ©?^q. and A := C A. (6) 

We have for all i that Ai satishes all polynomial identities of A and < Ia- 
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We need to construct a further algebra Aq which satishes all polynomial identities of A and 
tAo = tA but Syio < Sa- 

This algebra is constructed as the free product A-k F{X) modulo the ideal generated by all 
polynomial identities of A, for a sufficiently large X (in fact we shall see that s variables 
suffice, Lemma [4.3p . and hnally modulo the ideal of elements of degree > s in the variables 
X. By dehnition tAo = tA, saq = sa — 1- 

We have by construction Id(y4) C n^^^Id(y4j) n Id(y4o), and if Id(y4) = n^^^Id(Aj) fl Id(y4o) 
then A is PI equivalent to (Bf^iAi © Aq. All the t, s-indices of these algebras are strictly less 
than the t, s-index of A. This suggests 

Definition 2.19. We say that A is fundamental if 

Id(A) c nLoid(A). (7) 

A polynomial / G n?^Qld(Aj) \ Id(A) will be called fundamental. 

Example 2.20. An algebra of block triangular matrices is fundamental. 

By induction one has that 

Proposition 2.21. Every finite dimensional algebra A is PI equivalent to a finite direct sum 
of fundamental algebras. 

Let us now see the properties of a fundamental multilinear polynomial /. By dehnition we 
have an evaluation in A which is different from 0. We may assume that each variable has 
been substituted to a semisimple resp. radical element, we call such an evaluation restricted. 
Let us call, by abuse of notation, semisimple resp. radical the corresponding variables. 

Lemma 2.22. Take a non-zero restricted evaluation, in A, of a multilinear fundamental 
polynomial f. 

1. We then have that there is at least one semisimple variable evaluated in each Ri, for 
all i = 1,... ,q (Property of being full). 

2. We have exactly sa radical substitutions (Property K). 

The next result is usually presented in the literature divided in two parts, called the hrst 
and second Kemer Lemma. 

Theorem 2.23. A finite dimensional algebra A is fundamental if and only if its Kemer 
index equals the t, s index. 

In this case, given any fundamental polynomial f, we have p.-Kemer polynomials in the 
T-ideal (/) generated by f, for every p. 

Remark 2.24. Conversely there is a. p such that all /i-Kemer polynomials are fundamental. 
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We then introduce a definition 

Definition 2.25. A T-ideal I is called primary if it is the ideal of identities of a fundamental 
algebra. 

A T-ideal I is irreducible if it is not the intersection I = Ji fl J 2 of two T-ideals Ji, J 2 
properly containing I. 

We then see 

Proposition 2.26. Every irreducible T-ideal containing a Capelli list is primary and every 
T-ideal containing a Capelli identity is a finite intersection of primary T-ideals. 

Proof. By Noetherian induction every T-ideal is a finite intersection or irreducible T-ideals, 
otherwise there is a maximum one which has not this property and we quickly have a 
contradiction. 

If a T-ideal I contains a Capelli list it is the T-ideal of Pi’s of a finite dimensional algebra, 
which by Proposition l2.21l is PI equivalent to a direct sum of fundamental algebras. Hence I is 
the intersection of the ideals of polynomial identities of these algebras, since it is irreducible 
it must coincide with the ideal of polynomial identities of one summand, a fundamental 
algebra. □ 

As in the Theory of primary decomposition we may define an irredundant decomposition 
J = Ji n ... n Jfc of a T-ideal I in primary ideals. In a similar way every finite dimensional 
algebra B is PI equivalent to a direct sum A = ©jAj of fundamental algebras which is 
irredundant in the sense that A is not PI equivalent to any proper algebra We call 

this an irredundant sum of fundamental algebras. 

It is NOT true that the T-ideal of PI of a fundamental algebra is irreducible. The following 
example has been suggested to me by Belov. 

Consider the two fundamental algebras Ai^ 2 , ^ 2,1 of block upper triangular 3x3 matrices 
stabilizing a partial flag formed by a subspace of dimension 1 or 2 respectively. They have 
both a semisimple part isomorphic to M 2 {F) ©T. By a Theorem of Giambruno-Zaicev |23] 
the two T-ideals of PI are respectively I 2 I 1 and I 1 I 2 where Ik denotes the ideal of identities 
oi k X k matrices. By a Theorem of Bergman-Lewin [10] these two ideals are different. 

Now in their direct sum Ai 2 © ^ 2,1 consider the algebra L which on the diagonal has equal 
entries in the 2 two by two and in the two one by one blocks. It is easy to see that L is PI 
equivalent to Ai ^2 © ^ 2,1 and that it is fundamental. Its T-ideal is not irreducible but it is 

hh n hh- 


2.2.1 The role of traces 

Let A be a fundamental algebra over a field L, with index t, s and / a /i-Kemer polynomial 
for /i sufficiently large so that / is also fundamental. 

It follows from Lemma r2.22l that the evaluation in the small layers factors through the radical. 
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So let us fix one of the small layers of the variables, say xi,... ,Xt, and denote for simplicity 
by Y the remaining variables. Thus, having hxed some evaluation, which we denote by Y, of 
the variables Y outside the chosen small layer of variables, we deduce from / a multilinear 
alternating map from A/ J to Amt variables (still denoted by /), which must then have the 
form; 

/(xi, X 2 , ..., Xt, Y) = det(xi, ..., Xt)u{Y), 

where the x* are the classes in A of the evaluations of the variables Xj and we have chosen a 
trivialization of /\* A. 

Since / is fundamental and there are s radical evaluations we also have u{Y) G J®. 

As a consequence we deduce the important identity 

/(zxi, ZX 2 , ..., zxt, Y) = det(z)/(xi, X 2 , • • •, Xt, Y) (8) 

where det(^) means the determinant of left multiplication of z on A/J. 

When we polaryze this identity we have on the right hand side the characteristic polynomial 
and in particular the identity as functions on A: 

t 

^ /(xi,..., Xfc-i, zxk, Xfc+i, ...,Xt,Y)= tr(z)/(xi, ...,xt,Y), (9) 

k=l 

where tr{z) is again the trace of left multiplication by ^ in A/J. 

We now observe that: the left hand side of this formula is still alternating in all the layers 
in which / is alternating and not an identity, since for generic 2 ; we have tr{z) 7 ^ 0 , thus it 
is again a Kemer polynomial. 

We can then repeat the argument and it follows that 

Lemma 2.27. The function resulting by multiplying a Kemer polynomial, evaluated in A, 
by a product tr{zi)tr{z 2 ).. .tr{zk), where the Zi are new variables, is the evaluation in A of 
a new Kemer polynomial (involving also the variables Zi). 

This discussion easily extends to a direct sum A = of fundamental algebras (with 

radical Jf) over some held L all with the same Kemer index (t, s) getting a formula 

q t 

'^ti{z)fi{xi,... ,Xt,Y) = '^f{xi,...,Xk-i,zxk,Xk+i,...,Xt,Y), (10) 

i=l k=l 

where /j(xi ,... ,Xt,Y) is the projection to A* of the evaluation /(xi ,... ,Xt,Y), while ti{z) 
is the trace of left multiplication by the class of z on Ai. In this case if /i is sufficiently large 
and / is a /i-Kemer polynomial for one of the algebras Aj then it is either a PI or a /x-Kemer 
polynomial for each of the Aj. It is then convenient to think of A as a module over the direct 
sum of q copies of L. Then we can write t{z) := (fi^z ),..., tq{z)) G L^, and we have: 

t 

t{z)f{xi,... ,Xt,Y) = '^ /(xi, ..., Xfc_i, zxk, Xfc+i, ...,Xt,Y). 

k=l 

Notice furthermore that if jj, is sufficiently large and / is a generic /x-Kemer polynomial it 
is not a PI for any of the algebras Aj. 
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2.2.2 T— ideals of finite Kemer index. 


We have remarked that a T-ideal in the free algebra in countably many variables is of finite 
Kemer index if and only if it contains some Capelli list. 

The following fact could also be obtained from the theory of Zubrilin, (45j . 

Proposition 2.28. IfT is a T-ideal with finite Kemer index t, s, there is a v such that, 

every u-Kemer polynomial f{Xi ,..., Xy, Zi ,..., Zg, W) G R{X) has the property that, for 
two extra variables y,z ^ X one has, modulo T 


Vi 


= l,...,u■.f{zX^,...,Xy,Z^,...,Zg,W) 
fizyX,, X 2 ,..., X,, Zi,..., W) ™ ^ 


inod* r p / 

= 

• 7 • • • : ■^ 1 ; * * * : 

W); 

f{yzXuX2,. 


(11) 


Proof. By Theorem 12.91 Proposition 12.211 we know that T is the ideal of identities of a finite 
direct sum of fundamental algebras A = idj. Also by Remark 12.121 the Kemer index of T 
is the maximum of the Kemer indices of the fundamental algebras Aj. Thus, we may assume 
that in the list Aj the first k algebras have this maximum Kemer index and decompose 
A = B (B C where B = It follows that there is some u E N such that any i/-Kemer 

polynomial for T is a z/-Kemer polynomial for B while it is a polynomial identity for C. 
Then Formula (fTT]) is valid if and only if it is valid modulo T' ;= Id(i?) that is as functions 
on B and this is insured by Formula (IH]). □ 


2.2.3 Generic elements 

Let A be a finite dimensional algebra over an algebraically closed field F, and dim pA = n, 
fix a basis oi,..., a„ of A. Given m G N (or m = oo) consider L, the rational function field 
F(A) where A = {Ajj, i = 1,... ,n] j = 1,, m} are nm indeterminates. 

We can construct m generic elements fj := in A © L we construct 

the algebra pAijn) = F{fi,..., frn) generated by these generic elements. This is clearly 
isomorphic to the relatively free algebra quotient of the free algebra modulo the identities of 
A in m variables. 

If A = (Bi^i Ai is a direct sum of finite dimensional algebras (usually we shall assume to be 
fundamental) let J = ©Jj its radical and AjJ = ©f=iAj = Ai/.Ji. 

We may choose a basis Oi,..., a„ of A over F union of bases of the summands Aj, we may 
also choose for each summand Aj decomposed as Aj © Jj the basis to be formed of a basis 
of Jj and one of Aj. Then when we construct m generic elements := by 

the choice of the basis each is the sum = Y^i=i ipi + Ji,* where the + pj^i are generic 
for Aj. The fjj are generic for Aj, while pjj are generic for the radical Jj, and all involve 
disjoint variables. 

For each j = 1,..., /c we also have the relatively free algebra J^^.(m) = F{fij ,..., and 
an injection 

JA(m) C ®j=iFAjirn) ^A®fL = ©j=iAj ®f L. 
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Notice that the radical oi A®f L is J L and modulo the radical this is A®f L which is 
some direct sum of matrix algebras ©jM„.(L). 

The projection p : A ^ A = of coordinates pi,P 2 , ■ ■ ■ ,Pk, induces a map of algebras 

generated by generic elements 


p \ J- A ^ Ai C ®iAi ®F L, p : • • • ) ^i,k)- 

Remark 2.29. The Kernel of p is a nilpotent ideal while the image is isomorphic to the 
domain of generic n x n matrices where n is the maximum of the degrees n* (where 

A = ®,MnXF)). 

We then set 

aeJ'A, t(a) := (ti(a),... ,4(a)) e (12) 

by setting ti{a) to be the trace of left multiplication of the image of a, under p*, in the 
summand Ai®F L. We let 


TA{m) ■.= F[t{a)]\a^F^®L^^ (13) 

be the (commutative) algebra generated over F by all the elements t(a), a G FAim). From 
now on we assume m fixed and drop the symbol (m) write simply FAim) = Fa, FA{'kn) = Fa- 

Theorem 2.30. Fa is a finitely generated F algebra and FaFa is a finitely generated module 
over Fa- 

Proof. The proof uses a basic tool of PI theory, the Shirshov basis, that is the existence of 
a finite number N of monomials a* in the generators such that every monomial in the 
variables ^j, is a linear combination with coefficients in F of products of powers ... affi 

m- 

We first claim that every element a G Fa satisfies a monic polynomial with coefficients in 
Fa, in fact the coefficients are polynomials in t{ai) for j < max(dim Ai). 

For this let Uj := dim A^. The projection oi a in Ai®F L satisfies H^fix) where we take for 
Hn fix) the Cayley-Hamilton polynomial induced by left multiplication on Ai ®f L- This is 
a universal expression in x and the elements tfia^), j < Ui where tfia^) is the trace of the 
the left action on Ai®F L oi the projection of afi 

Thus if we use the formal Cayley Hamilton polynomial for n* x Ui matrices, but using as trace 
of ai the fc-tuple t{ai) = (tfiai), ... ,ti(ai)) for all i we see that, if d denotes the image of a 
in ®iAi®F-l^ we have Hnfid)d G ®iAi®F L has 0 in the component, so nf=i Hnfiajd = 0 
in p{FaFa) C ®iAi ®F L- 

Now every element of the Kernel of p is nilpotent of some fixed degree s and hnally we 
deduce that 

k 

(JjR„,(a)a)* = 0, in FaFa- 

i=l 

We have multiplied by a since we do not assume that the algebra has a 1. 


( 14 ) 
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We take a Shirshov basis for J^a then, since we know that t{t{a)b) = t{a)t{b), it follows 
that Ta is generated by the traces t{M) where M is a monomial in the Shirshov basis with 
exponents less that the degree of (nil and ^A~f~A is spanned over '~F'a by this hnite 

number of monomials. □ 

Example 2.31. A basic example is given by A = Mt{F) the algebra of matrices. In this case 
the algebra of generic elements is known as the generic matrices. The commutative algebra 
Ta{X) (will be denoted hy TtiY)) equals the algebra of invariants of m := |y | matrices under 
conjugation and the algebra Ta^a is the algebra of equivariant maps (under conjugation) 
between m-tuples of matrices to matrices. 

Assume now that A = ©”L^Aj is a direct sum of fundamental algebras. Decompose A = B®C 
where we may assume that B = ©jL;^Aj is the sum of the A* with maximal Kemer index, 
the same Kemer index as A and C the remaining algebras. For p sufficiently large a /i- 
Kemer polynomial for A is a polynomial identity on C and either a Kemer polynomial or 
a polynomial identity for Aj, i = 1,..., fc. So in this case we call Kemer polynomial for A, 
one with this property. By formula ([9]), as extended to direct sums, a Kemer polynomial 
evaluated in Fa A®p L = ©jA, L satishes formula ([ 9 ]) where tr{z) is the element of 
Ta of Formula (IT^ . 

In fact, since such polynomials vanish on (7, the formulas factor through Tb,Tb which are 

quotients of Ta, Tb- 

We can then interpret Lemma 12.271 as 

Corollary 2.32. The ideal Ka of Ta spanned by evaluations of Kemer polynomials, is a Ta 
submodule and thus a common ideal in Ta ond TaTa- 

In fact under the quotient map Ta Tb the ideal Ka maps isomorphically to the corre¬ 
sponding ideal Kb, in other words the action of TaTa on Ka factors through TbTb- 

The importance of this corollary is in the fact that the non-commutative object Ka is, by 
Theorem 12.301 a hnitely generated module over a hnitely generated commutative algebra, 
so we can apply to it all the methods of commutative algebra. This is the goal of the next 
sections. At this point the ideal Ka depends on A and not only on the T-ideal but as we 
shall see one can also remove this dependence and dehne an intrinsic object which plays the 
same role. 


3 The canonical filtration 

3.1 Rationality and a canonical filtration 

We want to draw some interesting consequences from the theory developed. 

Let R{X) = R := F{X)/I be a relatively free algebra in a hnite number k of variables X. 
We have seen that I is the T-ideal of identities in k variables of a hnite dimensional algebra 
A = ©jAj direct sum of fundamental algebras, we may also choose this irredundant. 
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Choosing such an A we write R = Ra(^) and identify to the corresponding algebra 

of generic elements of A. 

We can decompose this direct sum in two parts A = B ®C where B is the direct sum of the 
Ai with the same Kemer index as A while B the sum of those of strictly lower Kemer index. 
We have Id(y4) = Id(i?) fl Id(C) and so an embedding Ra{X) C Rb{X) © Rc{X) of the 
corresponding relatively free algebras. Let us drop X for simplicity. 

We can apply to B Theorem 12.301 and embed Rb C RbTb which is a finitely generated 
module over the hnitely generated commutative algebra Tb, (both graded). 

Let Ko G R he the T ideal generated by the Kemer polynomials of B for sufficiently large 
p. Since these polynomials are PI of C it follows that under the embedding Ra{X) C 
Rb{^) ® Rc{^) the ideal Kq maps isomorphically to the corresponding ideal in Rb which, 
by Corollary 12.321 is a finite module over Tg. 

Since Kq C i? is a T ideal the algebra Ri := R/ Kq is also a relatively free algebra, now with 
strictly lower Kemer index. 

So we can repeat the construction and let Ki C i? be the T ideal with Kq C Ki and Ki/Kq 
the T ideal in Ri generated by the corresponding Kemer polynomials. 

If we iterate the construction, since at each step the Kemer index strictly decreases, we must 
stop after a finite number of steps. 

Theorem 3 . 1 . 1. We have a filtration 0 G Kq G Ki G ... G Ku = R of T ideals, such 

that Ki+i/Ki is the T ideal, in Ri := R/Ki, generated by the corresponding Kemer 
polynomials for /i suitably large. 

2. The Kemer index of Ri is strictly smaller than that of Ri^i. 

3. Each algebra Ri has a guotient Ri which can be embedded Ri G RiTR^ in a finitely gen¬ 
erated module over a finitely generated commutative algebra T^, and such that JLj+i/iCj 
is mapped injectively to an ideal of RiRpi- 

4- In particular Ki^i/Ki has a structure of a finitely generated module over the finitely 
generated commutative algebra Tp.. 

Corollary 3.2 (Belov [S]). If R := F{X)/I is a relatively free algebra in a finite number of 
variables X, its Hilbert series 


Hnit) ;= ^dim {Ri)f 

k=0 


is a rational function of the form 


Pjt) 


hj G N, p{t) G S[i]. 


(15) 
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Proof. Clearly Huit) = Hxi+i /Kiit). We know that JC+i/iCi is a finitely generated 

module over a finitely generated graded algebra 7}?^. 

If TR^ is generated by some elements ai,... ,am of degrees hi by commutative algebra one 
has that 

HKi+i/Kiit) = ^ , Pi{t) e Z[t]. 

Summing this finite number of rational functions we have the result. □ 

In Theorem 13.191 and Corollary 13.211 we will apply a deeper geometric analysis in order to 
compute from the Hilbert series the dimension of the relatively free algebras. 

One can generalise these results by considering a relatively free algebra in k variables X as 
multi-graded by the degrees of the variables X, and then we write its generating series of 
the multi-grading 

Hr{x) = dim ...x^^ (16) 

hi,...,hk 

this is of course the graded character of the induced action of the torus of diagonal matrices 
(which is a standard choice for a maximal torus of the general linear group GL{k)) acting 
linearly on the space of variables. 

Thus the series of Formula (1161) should be interpreted in terms of the representation Theory 
of GL{k). In each degree d the homogeneous part Rd of the algebra R is some quotient of 
the representation dim V = k. 

By Schur-Weyl duality discussed in 1 12.1.21 and by Formula (E]) we have 

Rd = ®\rdmxSx{V), mx < Xa(1)- 

That is mx is < the dimension of the corresponding irreducible representation of the sym¬ 
metric group Sd and in fact, by Remark 12.101 

Proposition 3.3. If the number of variables is larger than m where R satisfies the Capelli 
list Cm we have that mx equals the multiplicity of x\ i'ei the cocharacter of A of Definition 

\M 

The character of SxiV) is the corresponding Schur function Sx{xi, ... ,Xk) (a symmetric 
function) so that finally we have 

Hr{x) “EE mxSx{xi,.. . ,Xk). (17) 

d Ahd 

We have seen that the numbers mx are the multiplicities of the cocharacters, so it will also 
be interesting to write directly a generating function for these multiplicities. 

Hniti, ■ ■ ■ ,tk) = Y^ 

d Ahd 


( 18 ) 
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This has to be interpreted using the theory of highest weights. Recall that a highest weight 
vector is an element of a given representation of G = GL{k) which is invariant under U and 
it is a weight vector under the maximal torus of diagonal matrices (xi,..., Xk)- 
The weight is then a dominant weight sum of of the fundamental weights Ui := 11^=1 which 
is the highest weight of /\* F^. If is the number of columns of length i of the partition A, 
then the corresponding dominant weight is ’^■miOOi that is the character IliLi( 11^=1 
we identify partitions with dominant weights and thus write 

A = ti := t^ = 

i i 

A highest weight vector vx of weight A generates an irreducible representation Sx{F^) and 
Sx{F^)^ is 1-dimensional spanned by vx- 

In the next paragraphs, using the Theory of highest weight vectors we shall show that also 
these two functions (of Formulas f[T7|) and f[TK]) l are rational and of special type and connected 
to the Theory of partition functions. 

Finally in Theorem 13. 371 we will apply this theory to give a precise quantitative result on the 
growth of the colength of R. 

3.2 A close look at the filtration 

Our next goal is to show that the commutative rings TR^, which we have deduced from some 
fundamental algebras can he derived formally only from properties of the T-ideals, for this 
we need to recall the theory of polynomial maps. 

3.2.1 Polynomial maps 

The notion of polynomial map is quite general and we refer to Norbert Roby, [3S] and |39j . 
A polynomial map, homogeneous of degree f, / : M —)■ iV between two vector spaces factors 
through the map m i—)■ m®* to the symmetric tensors S^{M) := and a linear map 

S*{M) —)■ TV. If A is an algebra both A®* and -S'*(A) = (A®*)'^* are algebras and we have the 
following general fact. 

Definition 3.4. A polynomial map, homogeneous of degree f, between two algebras A, R, 
is said to be multiplicative if f{ah) = f{a)f{b), \/a,b G A. 

Proposition 3.5. [Roby /23V Given a multiplicative polynomial map, homogeneous of degree 
t, between two algebras A, B, then the induced map S^{A) B is an algebra homomorphism. 

We can apply this theory to A equal to a free algebra F{Y), a positive integer t and the 
subalgebra of symmetric tensors S^{F{Y)) = (F('F)®*)‘^h We can treat the map z i-g- z®* as 
a universal multiplicative polynomial map, homogeneous of degree t. 

A general theorem of Ziplies [H] interpreting the Second Fundamental theorem of matrix 
invariants of Procesi and Razmyslov, that is the Procesi-Razmyslov theory of trace identities 
[31], [3lll35], states the following: 
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Theorem 3.6 (Ziplies). The maximal abelian quotient of S^{F{Y)) is isomorphic to the 

algebra Tt{Y) of invariants oftxt matrices in the variables Y. 

fVaccarinoj The previous isomorphism is induced by the explicit multiplicative map 

det : F{Y) -)■ Tt{Y), det : f{yi, ..., |/^) H- det f{fi, 

where the ft are generic t x t matrices. 

The second part is due to Vaccarino, [12] H 

3.2.2 Kemer polynomials 

The proof of Corollary 12.321 is based on the fact that a T ideal F can be presented as ideal 
of identities of a hnite dimensional algebra A direct sum of fundamental algebras. 

We now want to show that this structure of the T ideal of Kemer polynomials is independent 
of A and thus gives some information on the possible algebras A having F as ideal of identities. 
Denote by R(Y) and R(Y U X) the relatively free algebras in the variety associated to F in 
these corresponding variables. Let us hrst use an auxiliary algebra A and let Ka C R{Y UX) 
be the space of Kemer polynomials previously dehned starting from A. Changing the algebra 
A to some A' may change the space Ka but only for the /i-Kemer polynomials up to some pi, 
we shall see soon how to free ourselves from this irrelevant constraint. Let be the space 
of z/-Kemer polynomials in the relatively free algebra F (X)/F in which the small layers are 
taken from the variables in X (and may depend also on the variables Y). 

By Proposition 12.281 there is an intrinsic u E N such that if f{Xi,...,Xi,,W) G K^, we 
interpret Formula ffTTD as follows. \i z E F{Y) we have a linear map which we shall denote 
by 5 given by (choosing one of small layers): 

z : f{xi, X 2 , ■ ■ ■, Xt, X,W) ^ f{zxi, ZX 2 , ■ ■ ■, zxt, X,W) mod.T. (19) 

The operators 5 do not depend on the small layer chosen and commute and the map z z, 
is a multiplicative polynomial map homogeneous of degree t from the free algebra F{Y) to 
a commutative algebra of linear operators. 

Therefore the Theorem of Zieplies-Vaccarino 13.61 tells us that Formula dehnes a module 
structure on by the algebra TtiY) of invariants oitxt matrices in the variables Y. 

This module structure does not depend on A and thus is independent of the embedding of 
the relatively free algebra in A® L. 

On the other hand, choose A = ®^Ai so that F = Id(A), a direct sum of fundamental 
algebras, and A = B ® C with B = ©“Aj the direct sum of the Ai with maximal Kemer 
index (t, s) equal to the Kemer index of F. 

If V is sufficiently large we know that vanishes on C and in the previous embedding 5 
coincides with the multiplication by (det(zj)) G K. When we polaryze from G RiY) we 
see by Formula ([9]) that multiplication by tr{z) := (tr(zi),... Rr{zu)) maps Ky into Ky and 


^At the moment the Theorem is proved only in characteristic 0. 
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by definition lies in 7a = TAiX) (which now depends on A) and in fact by definition 7a is 
generated by these elements. We claim that 

Lemma 3.7. The action o/Ta on is faithful so that the algebra Ta{X) is the quotient of 
Tt{Y) modulo the ideal annihilator of the module 
This ideal is independent on v for v large. 

Proof. Now we have constructed 7a from Formula flTdll as contained in the direct sum of the 
algebras Ta^, i = I,. . .u. By definition 7 a depends only from the semisimple part of A so 
it is the coordinate ring of a variety which depends only upon the algebra , [F) that is 
from the numbers Uj. 

So in the end the action of Tt{Y), invariants oftxt matrices in the variables Y, on K factors 
through the map 

7r:T,(Y)^TA(Y)ciStiTA.(Y). ( 20 ) 

We claim that the composition of vr with any projection to a summand TAiiY) is surjec¬ 
tive. In fact the first ring is generated by the traces of the monomials evaluated in all 
t —dimensional representations while the second is generated by the same traces but only 
those representations which factor through the left action of Ai. We shall see in 1 13.3.11 the 
nature of this subvariety. 

Let be the image of K^, in FAiTAiiY)- We have that each is torsion free over 7a., 
which is a domain, since Ki^^i <Z Jf ® L is contained in a vector space over the field L. 

Since Ky C and for each i the restriction to Ky^i is non-zero, we finally have that 

7a acts faithfully on Ky so that we have defined the homomorphism of Formula fl20|) . 

□ 

We want now to free ourselves from the auxiliary variables X and evaluate in all possible 
ways the elements of Ky in the relatively free algebra RiY) of A in the variables K, obtaining 
thus a T ideal in R{Y). 

We see that 

Theorem 3.8. The module action of TtiY) on Ky induces a unique module action on 
compatible with substitutions of variables in Y. 

This action factors through a faithful action of its image Ta{Y). in Ta{Y). 

Proof. If we work inside the non intrinsic algebra generated by R(Y) and 7a we have that 
is a 7a submodule and this module structure is by definition compatible with substitutions 
of variables in Y. 

On the other hand since the elements of can be obtained by specializing the elements 
of K there is a unique way in which the module action of TtiY) on K can induce a module 
action on compatible with substitutions of variables in Y. It is a faithful Ta{Y) action 
since 7a acts faithfully on KrL. □ 

Notice that Kr C so all the computations are just for the algebra B = ®iAi and from 

now on we shall just assume A = B and 0 = 0. 
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3.3 Representation varieties 

Our next task is to describe the algebraic varieties of which the rings Ta are coordinate rings. 

3.3.1 The varieties Wni,...,nu 

For a given t and m consider the space of m-tuples of t x t matrices. We think 

of this as the set of f-dimensional representations of the free algebra F{X) in m variables 

, Xyyi. 

On this space acts by simultaneous conjugation the projective linear group PGL{t, F) so 
that its orbits are the isomorphism classes of such representations. It is well known, |^, 
that the closed orbits correspond to semi-simple representations, so by geometric invariant 
theory the quotient variety Vt{m) := Mt{F)'^//PGL{t) parametrizes equivalence classes of 
semisimple representations of dimension t. As soon as m > 2, its generic points correspond 
to irreducible representations, which give closed free orbits, so the variety has dimension 
(m — 1)F + 1 . 

The coordinate ring of this variety is the ring of PGL{t, F) invariants, which we shall denote 
by Tt,m or as before Tt{y), if we denote by Y the m matrix variables. 

In characteristic 0 the algebra Tt{Y) is generated by the traces of the monomials in the 
matrix variables, while in all characteristic by work of Donkin [T3] , we need all coefficients 
of characteristic polynomials of monomials, which can be taken to be primitive. 

Given non negative integers with 'YhihiHi = t we may consider, inside the variety 

Mt{F)"^//PGL{t), the subvariety Whi,...,hu\ni,...,nu^ of semisimple representations which can 
be obtained as direct sum ©jhjW, from semisimple representations W of dimension Ui for 
each i = 1,... ,u. Of course generically each W is irreducible. 

It will be interesting for us the special case hi = Ui which we denote by 

IS the natural image of the product IlLi where W.(m) is the variety 

of semisimple representations of m-tuples of rij xn* matrices, under the map j : W, • • •, W ^ 

(BihiNi. 

We see in fact that this map j can be considered as a restriction. 

Inside the algebra of t x t matrices, consider the subalgebra of block diagonal matrices 
(Bi=ihiMrn{F), where the block M^.i^F) appears embedded into hi equal blocks, which is 
isomorphic of course by dehnition to := ©jLiAfni(A) we call jhi,...,jn this inclusion 

isomorphism. 

When we restrict the invariants Tt{Y) to this subalgebra we see that when z is some polyno¬ 
mial in Y the restriction of the function tr{z) to this subalgebra equals where 

tri{z) is in the algebra TmiY). 

This means that Tt{Y) maps to the G = nr=i PGL{ni, F) invariants, that is the coordinate 
ring of nr=i Yriiim) which is 0 ... 0 

We have shown that, as IlLi ^i(^) quotient of m copies of the space (Bf=lMn^{F) 

under the group G = 11^=1 PGLijii, F) acting by conjugation, we have the commutative 
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diagram, where the two maps ttg, T^PGL(t,F) are quotients under the two groups 

■KG 

Every representation of the form ©jhjiVj with iVj of dimension rii can be conjugated into 
®'i=lhiMn^{F) , but usually this can be done in several different ways, thus we have 

Remark 3.9. The map j : IlLi ^ hh’ni,...,nu is surjective but it is almost never an 

isomorphism. It is isomorphism only when u = 1. 

We claim that the two varieties have the same dimension. For this it is enough to show that 
the generic hber is hnite. 

The generic hber is obtained when in 11^=1 hhni,.we have that all the 

summands W are irreducible and not just semisimple. 

In this case if we have several indices i with the same rii then in the expression ©jUjiVj we 
may permute the indices of the irreducible representations of the same dimension so they 
come from different ways of arranging them in the factors Vrn{m). 

Thus if we have certain multiplicities hi, ... of the different indices n* we see that the 
generic hber is formed by hj points. 

In fact even if there are no multiplicities, so the map j is birational, the same argument may 
show that in non generic hbers we may perform some of these permntations and so the map 
is not usually bijective. 

Example 3.10. t = 2 = 1 + 1, the variety Vi{m) is just affine space with coordinate ring 
the polynomial ring F[xi,... ,Xm\ so Vi(m) x Vi{m) is 2m dimensional affine space with 
coordinate ring the polynomial ring F[xi,..., Xm, |/i, • • •, ym\- 

For the other ring we take monomials in the elements (x*, Ui) which should be thought of as 
diagonal 2x2 matrices. Such a monomial is the pair formed by a monomial in the Xi and 
the same in the Ui. Its trace is the sum over these two monomials, a symmetric function in 
the exchange r between Xj, y*. 

The map is generically 2 to 1, the image of coordinate rings is the ring of r invariants. 

In fact we have an even stronger statement, let Ai denote the coordinate ring of the variety 
14 .(m) so y4i (g) ^2 (8) ... (8) is the coordinate ring of the variety 11^=1 We claim 

that 

Lemma 3.11. Ai® A2® ...® Au is integral over Ta^'to), spanned by monomials of degree 
bounded by some number independent of m. 

Proof. Consider a polynomial 


‘^PGL(t,F) 


( 21 ) 


f(t) = r - ait”-' + + (-l)”a„ 
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with roots xi,..., Xm so that the elements ai are the elementary symmetric functions in the 
Xj, we may even take the Xi as indeterminates. 

Given an integer A; G N and a set S' C {1,, m} with h elements set 

ieS 

Consider next the polynomial of degree N := 

N 

W""'= If it-xl). 

*=1 Sc{l,...,m}, |S|=fc 

The coefficients bi of this polynomial are clearly symmetric functions in the variables Xi so 
they are expressible as polynomials in the elements Oj, in fact bi is a polynomial of degree ki 
in the variables x* so it is a polynomial of this weight when we give to the weight i. 

Each Ai is generated by the traces tr{Mi) of the monomials M acting on the summand. 
Thus the element tr{Mi) is a sum of rii eigenvalues out of the d eigenvalues of the monomial 
M we deduce a universal polynomial of degree (^) satished by tr{Mi) with coefficients 
polynomials in the elements tr{M^), /c = 1 ,..., d. 

□ 


3.3.2 The support of Kemer polynomials 

We now apply the previous discussion to Kemer polynomials, hrst let us take a fundamental 
algebra D with semisimple part t = We have constructed the map from 

TtiY) to Td. 

Lemma 3.12. The algebra Td is the coordinate ring of the irreducible subvariety 
ofMt{F)^//PGL{t). 

Proof. By dehnition Td is the algebra generated by the traces of m-tuples of elements of 
t = J2i ‘^1 acting on itself by left multiplication so the Lemma follows from the 
previous discussion as summarized by Formula fl2T]) . □ 

Let A = T'^^iAi be a direct sum of fundamental algebras all with the same Kemer index 
(t, s). To each Ai we have associated the irreducible subvariety of /PGL{t, F): 


W,, := W, 


ni,. 




Hi 

T 

i=i 


ni = t. 


We have thus the rather interesting fact. 

Theorem 3.13. The image of the algebraTtiY) acting on the space of u-Kemer polynomials, 
for large n, Kr is the coordinate ring of a, possibly reducible, subvariety of Mt{F)^//PGL{t) 
union of the subvarieties Wi, i = 1,..., u. 
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In other words the 7t(h")-module Kr of u-Kemer polynomials, for large u is supported on 
this subvariety. 

Notice that TtiY) is an object intrinsecally dehned and then also [J^ Wi is intrinsic being the 
support of Kr, the subvarieties Wi = Wni,...,ng. reflect the structure of the semisimple parts 
of the fundamental algebras Ai which may appear as summands of maximal Kemer index of 
an algebra A having as identities the given T-ideah 

There are some subtle points in this construction, first of all by Kr we mean the T-ideal 
generated by Ki, for u large, in the sense that this variety stabilizes for u large. It is possible 
that some variety Wi is contained in another Wj, this gives an embedded component which 
may not be visible just by the structure of the module Kr but depends on the embedding 
Kr C (BiKi which in turn depends on the particular choice of A so that the ideal T = 
Id^ = njh;^IdAi. This appears as some primary decomposition and it is worth of further 
investigation. 

A specihc element of Kr vanishes on one of the varieties Wi if and only if it is a polynomial 
identity for the corresponding summand A^. 

Corollary 3.14. If R is the relatively free algebra associated to a fundamental algebra A 
with semisimple part A = (F), then the module of Kemer polynomial is supported 

on the irreducible variety 

In particular if two fundamental algebras are PI equivalent then they have the same semisim¬ 
ple part. 

In general if we have two equivalent PI algebras A = ©jA*, B = (BjBj each a direct sum of 
fundamental algebras, we see that the semisimple components which give maximal varieties 
of representations are uniquely determined. 

This answers at least partially the question on how intrinsic are the constructions associ¬ 
ated to a particular choice of an algebra A having a chosen T-ideal as ideal of polynomial 
identities. 

3.3.3 Dimension 

For an associative algebra R with 1, over a held F, Gel’fand-Kirillov [18] have dehned a 
dimension as follows. Let V C i? be a hnite dimensional subspace with 1 G G. Let Vn 
denote the span of all products of n elements of V and set dy{n) := dim Vn- 

Definition 3.15. [Gel’fand-Kirillov-Dimension (GK-Dimension)] 

Dim R : = sup lim sup log dy in) / log n. 

V n^oo 


Dim R = lim sup log dy (n) / log n. 

n—>-oo 


If R is generated by V then 
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In general a finitely generated non-commutative algebra may have infinite dimension or a 
dimension which is not an integer, [m. 

A special case is when R is graded and its Hilbert series Huit) := pRkt^ is a 

rational function of type of Formula fllSp (this is a rather strong constraint on R). 

Since 


1 

l-t’^ 


1=0 


one has 




r N oo 

j=0 j=l 1=0 


The function n^i(l “ ) ^ is the Hilbert series of the polynomial algebra in generators 

xi,... ,xn with Xi of degree R. Write = EkLo^kt^ ^ 

negative integer which counts in how many ways the integer k can be written in the form 
k = Ej=i h^ji H ^ 

Such a function ct is classically known as a partition function, it coincides on the positive 
integers with a quasi-polynomial of degree — 1. Quasi-polynomial means in this case that, 
when we restrict Ck on each coset of Z modulo the least common multiple of the hj, on the 
positive integers in this coset this function coincides with a polynomial of degree — 1. 
There is an extensive literature on such functions (cf. |13]i. 

If we develop the rational function of Formula flT^ in power series ET=o have 

that after a finite number of steps the function dk coincides with a quasi-polynomial D{k), 
but its degree may be strictly lower than A^ — 1. One has 


Theorem 3.16. The dimension of R is the order of the pole of Hji{t) at t = 1 and equals 
n + 1 where n is the degree of the quasi polynomial D{k). 


If i? is a commutative algebra, hnitely generated over a held F, has a hnite dimension 
which can be dehned in several ways, either as Krull dimension, that is the length of a 
maximal chain of prime ideals or as Gelfand-Kirillov dimension, or hnally when i? is a 
domain as the trascendence degree of the held of fractions of R over F. For a hnitely 
generated commutative graded algebra R, the Hilbert series is a rational function of type of 
Formula flT^ . the dimension equals the dimension of its associated affine variety V{R). 

For a module M we have the notion of support of M, that is the set of point p E V {R) where 
M is not zero, that is M 0^ 7^ 0 where Rp is the local ring at p. Then the dimension of 

M equals the dimension of its support. The support is computed as follows 


Remark 3.17. It is well known that a hnitely generated module M over a commutative 
Noetherian ring R has a hnite hltration 0 C Mi C M 2 ... C Mk = M such that Mj+i/M, = 
R/Pi where Pi is a prime ideal. 

If R, M are graded and R hnitely generated, the Mi can be taken graded and the Hilbert 
series is the sum of the Hibert series of the R/Pi, the dimension is the maximum of the 
dimensions of the R/Pi- 
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In the language of algebraic geometry R defines the algebraic variety V{R) and the Pi some 
subvarieties with coordinate rings R/Pi, one sees by induction that M is supported on the 
union of these subvarieties and thus its dimension is the dimension of its support. 

If M is torsion free over a domain R then it contains a free module C M so that M/R^ 
is supported in a proper subvariety, hence it has lower dimension and the dimension of M 
equals that of R. 

We will apply this to the non commutative relatively free algebras. 

3.3.4 The dimension of relatively free algebras 

We take as definition of dimension for a relatively free algebra, the one given by its Hilbert 
series, which measures growth and one can see equals the Gelfand-Kirillov dimension. It is 
almost never equal to the Krull dimension which instead equals the dimension of R/ J where 
J is the nilpotent radical and it is well known that R/I is a ring of generic matrices since 
the only semiprime T-ideals are the T-ideals of identities of matrices. 

Let us first analyze a fundamental algebra D, with semi-simple part 

Take the relatively free algebra in m variables pDim) := F(^i,...,^m) for D. We have 
an inclusion of C RD{m)TD{rn) and also an inclusion of the ideal Kj^ C. Rd^iti) 

generated by Kemer polynomials. 

Since both Kd and Rj:,[m)R£,[m) are finitely generated torsion free modules over Roi'^r) it 
follows that the dimension of the 4 Hilbert series of Kd, RniiR), RD{‘fn)TD{m), Tnirn) are 
all equal to the Gel’fand Kirillov dimension of the algebras Rnirn), RD{m)TD{m), Tj:,{m). 
We have computed the dimension dim Rd^ui) = [m — l)t + q here t = 
hrst Kemer index. 

Proposition 3.18. 1. The GK dimension of the relatively free algebra inm variables for 

a fundamental algebra D is {m — l)t + q where t is the first Kemer index. 

2. The GK dimension of the relatively free algebra in m variables for a direct sum ©jUj 
of fundamental algebras is the maximum of the GK dimension of the relatively free 
algebras in m variables for the fundamental algebras Di. 

3. IfV is a T-ideal containg a Gapelli list and T = HiTi with the T-ideals L, irreducible 
then the dimension of F{X)/V is the maximum of the dimensions of F{X)/Ti, each 
one of these being the relatively free algebra of a fundamental algebra. 

Proof. The hrst part we have just proved, as for the second remark that the relatively free 
algebra in m variables for a direct sum (BiDi is contained in the direct sum of the relatively 
free algebras in m variables for the summands Di, so its dimension is smaller or equal than 
the maximum of the dimensions of the algebras relative to the summands. On the other 
hand each relatively free algebra in m variables for the summands Di is also a quotient of 
the relatively free algebras in m variables for the direct sum so the claim follows.The third 
part follows from the second and the fact that an irreducible T-ideal containing a Gapelli 
list is the ideal of Pi’s of a fundamental algebra fl2.26p . □ 




We can also approach in a more intrinsic form nsing the filtration. By Theorem 13.131 and the 
remark following the dimension is the maximum of the dimensions of the modules 
each one is supported in a union of varieties but on each of these subvarieties the 

module is torsion free so it has the same dimension as its support, we deduce: 

Theorem 3.19. The dimension of R is the maximum dimension of the varieties 

Now the dimension of is mt — — 1) = (m — l)t + q, so we see that as m 

grows the maximum is obtained from the factors Ri for which the first Kemer index equals 
the Kemer index t oi R and among these the one with maximum q. 

Definition 3.20. The integer q is an invariant of the T-ideal, called q invariant. 

Corollary 3.21. The dimension of R{m) for m large is (m — l)t + q where t is the first 
Kemer index and q is the q invariant. 

Observe that when R is the ring of generic n x n matrices, then t = and g = 1, the 
formula is valid for all m > 2. By work of Giambruno Zaicev a similar statement, that the 
formula is valid for all m > 2, is true for block triangular matrices with q equal the number 
of blocks and t the dimension of the semisimple part. 

3.4 Cocharacters 

We want now to extend work of Berele jl] and Belov [S] in which they show how cocharacter 
multiplicities are described by partition functions. This requires some standard preliminaries. 

3.4.1 Partition functions 

The notion of partition function can be discussed for a sequence of integral vectors S := 
{oi,..., Om}, cbi G IT for which there is a linear function / with /(a,) > 0, Vi. [§ 

Then one defines the partition function on 1^ 

m 

h e W, Ps{b) = #{ti,... e N I = b}. 

i=l 

Of course Ps{b) = 0 unless b G C{S) := I ^ the positive cone generated by 

the elements ai. The assumption /(oj) > 0, Vi means that C{S) is pointed, that is it does 
not contain any line (only half lines). 

It is customary to express the partition function by a generating function, this is a series in 
p variables xi,..., Xp. When b = (6i ,... ,bp) G we set ;= nf=ithen setting 

Vs=J2 ^s{b)x^ 

bezp 


^This restriction is essential otherwise the value of the partition function is oo 
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one sees that 

Vs = _ ^ _ 

This formal series is also truly convergent on some region of space. We can interpret this in 
terms of graded algebras (or geometrically as torus embedding). Let Rs = F[yi,, i/m] be 
the polynomial algebra in m variables i/i to which we give a grading by assigning to yi 
the degree a*. For every graded vector space V = ©qgzpK, for which dim (I 4 ) < 00 , Va, we 
can define its graded Hilbert series 


Hv dim {Va)x'". 

a&ZP 

One has to be careful when manipulating such series since in general a product of two 
such series makes no sense, so if we have two graded vector spaces V, W with the previous 
restriction on graded dimensions, in general V does not satisfy this restriction. The 
product makes sense if we restrict to series supported in a given pointed cone, in this case 
we have that Hy^w = HyHyr. 

In general let us consider a finitely generated graded Rs module M then we have the 


Lemma 3.22. The partition function of S coincides with the Hilbert series of Rs- 
The Hilbert series of M has the form 


Hm = 


p{x) 




p{x) G Z[x 


±1 

1 5 


,x. 


ill 


( 22 ) 


That is p{x) is a finite linear combination with integer coefficients of Laurent monomials. 

If S <ZW and M is graded in then the elements p{x) are polynomials. 

Definition 3.23. In [9], Berele calls a rational function of the type of Formula fl22|) with 
p{x) a polynomial a nice rational function. 

If we set all the variables Xi equal to t in a nice rational function H we have a nice rational 
function of f, the order of the pole at t = 1 of this nice rational function will be called the 
dimension of H. 


This dimension gives an information on the growth of the coefficients of the generating 
function H{t) := YlT=oCkt’" = 

Proposition 3.24. The function Ck for k sufficiently large is a guasi-polynomial, that is a 
polynomial on each coset modulo the least common multiple m of the fo. 

If Ck > 0 for k » 0 then the dimension which eguals the order of the pole of this function 
at t = 1 eguals the (maximum) degree of these polynomials plus 1. 

Proof. Let m be the least common multiple of the integers fo so that 

ki-l 

i=o 
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It then follows that H(t) can be written in the form with P{t) some polynomial. 

Since for i > 0 we have 

f"* _ 1 - (1 - f”*) _ 1 1 

(1 - f ™)* ~ (1 - ~ (1 - f ™)* (1 - 

it then follows that H[t) has an expansion in partial fractions 


with all the Pi{t) polynomials of degree < m mt and q{t) a polynomial. 
Then remark that the generating function of 


V 

(1 - 



i + k — 1 
i — 1 


fmk+j^ 0 < j < m 


gives a polynomial on the coset Zm + j with positive values of degree i — 1. 

It follows that after a finite number of steps (given by the polynomial q{t)) the fucntion Ck is 
a polynomial on each coset, and of degree d — 1 on some cosets where the coefficients of Pd{t) 
are different from 0. If is definitely positive it follows that all the coefficients of Pd{t) are 
non negative, in particular p{l) ^ 0 and the order of the pole at 1 of H{t) is clearly d. □ 


3.4.2 The Theory of Dahmen—Micchelli 

We want to recall quickly some features of the theory of partition functions. Let S be as 
before a list of integral vectors. We want to decompose the cone C{S) into big cells and 
define its singular and regular points. 

The big cells are defined as the connected components of the open set of C{S) of regular 
points, which is obtained when removing from C{S) the singular points which are defined as 
all linear combinations of some subset of S which does not span MJ’. 

One hnally needs the notion of quasi-polynomial on IP. This is a function / on for which 
there exists a subgroup A C Z^ of finite index, so that /, restricted to each coset of A in Z^ 
coincides with some polynomial. 

In the theory of partition functions plays a major role a hnite dimensional space of quasi¬ 
polynomials introduced by Dahmen-Micchelli. Let us recall their Theory. 

• Given a list of integral vectors S := {oi,..., Om}, at G Z^ spanning we call a subset 
T of S' a cocircuit if it is minimal with the property that S\Y does not span M^. The 
set of all cocircuits of S will be denoted by S(S'). 

• To S' is associated a remarkable convex polytope the Zonotope 

:= {^tiOi I 0 < L < 1}. 

i 









31 


• The faces of this zonotope come in opposite pairs corresponding to the cocircuits of S. 
Moreover Z{S) can be paved by parallelepipeds associated to all the bases of which 
can be extracted from S. Each of these parallelepipeds has volume a positive integer, 
the absolute value of the determinant of the corresponding basis elements. 

• For a list of integral vectors Y we then define the difference operator 

Vv:=n^^’ ^yf{x)=f{x)-f{x-y). 

y&Y 


• The space DM{S) of Dahmen-Micchelli is the space of integral valued functions on 
solutions of the system of difference equations Vy/ = 0, Y E S{S). 

• The space DM{S) is a space of quasi-polynomials of degree m — p, it is a free abelian 
group of dimension S{S) the weighted number of bases extracted from S, or the volume 
of Z(^). 

• In fact if we take a generic shift a — Z{S), a G we have that a — Z{S) fl Z^ has 
exactly ^{S) elements and the restriction of DM{S) to a — Z{S) flZ^ is an isomorphism 
with the space of integral valued functions on a — Z(S) fl Z^. 

The main Theorem on partition functions for which we refer to [13] is, assuming that S 
spans 

Theorem 3.25. Ps is supported on the intersection of the lattice ZT with the cone C{S). 
Given a big cell c of C{S) and a point a E c very close to 0 one has that a — Z{S) fl IP 
intersects C{S) only in 0. 

Ps coincides on each big cell c with the guasi polynomial in the space DM{S) which is 1 at 
0 and eguals 0 in the other points of a — Z{S) fl Z^. 

Finally the partition function may be interpreted as counting the number of integral points 
in the variable convex compact polytope V{b) := {(fi,... ,tm) \ U E R'*', 

Thus the partition function is asymptotic to the volume of this variable polytope. This 
volume function, denoted by Ts{b) is a spline that is a piecewise polynomial function on 
C'(S'), polynomial, in each big cell, of degree m — p and again there is a remarkable theory 
behind these functions, cf. [T3] . 

3.4.3 U invariants 

In order to apply the previous theory to cocharacters we need to recall some basic facts 
on highest weight vectors and U invariants, where U is the subgroup of the linear group of 
strictly upper triangular matrices with 1 on the diagonal. 

Recall that we have seen. Proposition 13.41 that the multiplicity m\ of a cocharacter equals 
the multiplicity of the highest weight vectors of weight A in the relatively free algebra in k 
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variables, if we are considering an algebra of dimension k or more generally if it satisfies the 
Capelli list (Remark [230]) • 

By Theorem fl3.ll) the Hilbert series of R is the sum of the contributions of the hnitely many 
factors KiJ^i/Ki which are all modules over hnitely generated algebras. Moreover these are all 
stable under the action of the linear group G = GL{k) so that we have some decomposition 
into irreducible representations 


= (23) 

These multiplicities rrii^x can be computed by taking the vector space of U invariants, 

Since dim S\{F^)^ = 1 is generated by a single vector of weight A, we have that the graded 
Hilbert series of , which is graded by the coordinates rrii of the dominant 

weights, is the generating function of the multiplicities rrii^x. 

We thus have that (Ki+i/Ki)^ is a graded module over a graded polynomial algebra in 
hnitely many variables ui,... ,Uk and the number rrii^x is the dimension of its component of 
degree A = 

So our aim is to prove that {Ki+i/Ki)^ is hnitely generated as graded module over the 
polynomial algebra in the variables oji,... ,Uk. 

Then we can apply lemma 13.221 and Theorem 13.251 which properly interpreted give the desired 
result. 

This actually is a standard fact on reductive groups and let us explain its proof. 

Let G be a reductive group in characteristic 0. Its coordinate algebra F{G) decomposes, 
under left and right action by G, as F{G) = ®Vi ® V*, where Vi runs over all irreducible 
rational representations of G. 

If we hx a Borel subgroup B with unipotent radical U the algebra F{G)^ = ©Hj © iV*)^ 
{U acting on the right) is a hnitely generated algebra over which G acts on the left. In fact 
it is generated by the irreducible representations associated to the fundamental weights. 
This algebra is the coordinate ring of an affine variety G/U which contains as open orbit 
G/U. 

For every subgroup H oi G consider the invariants under the right action F{G)^. Given a 
representation V of G, the group G then acts diagonally on 1/ © F{G)^ and: 

Lemma 3.26. For every representation V of G we have the equality 

= {V ®F{G)^f. (24) 

In fact this is given by restricting to {V © F{G)^)^ the explicit map 

TT : 1/ © F{G) V, TT : n © f{g) vf{l). 

If V is an algebra with G action as automorphisms this identification is an isomorphism of 
algebras. 
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Proof. The space of polynomial maps from G to 1/ is clearly V^F{G) where v®4> corresponds 
to the map g 4>{g)v. We act on such maps with G x G, the right action is f^{g) := f{gh) 
while for the left action we use ^f{g) := hf{h~^g). These two actions commute, and the left 
action on maps is the tensor product of the action on V and the left action on F{G), that 
is if / = n <8) 0 we have = hv (8)^ <p. . 

A map f is G equivariant, where on G we use the left action if f{hg) = hf{g), this means 
that / is invariant under the left action on maps. 

For such a map we have f{g) = f{gl) = 5'/(l), conversely given any vector v ^ V the map 
g gv is G equivariant so we have a canonical identihcation 

F{G)f ^ V, j{f) := /(I), ^ j : n O 0 ^ 0(l)n. 

Moreover the map j is G equivariant if on {V 0 F{G))^ we use the right G action, since for 
an equivariant map / we have f^{g) := f{gh) (induced from right action), which maps to 
r(l) = fih) = hfil). 

Under this identihcation, if a = '^j ® 0i(5') ^ ® F{G)^ is invariant under right action 

by some subgroup H it means that for the corresponding map / : G —?■ U we have that 
f{gh) = /((?), V/i G FT, thus f{h) = /(I) and, if / is G equivariant we see that this is 
equivalent to the fact that ^ ■ 

As for the second statement it is enough to observe that vr is a homomorphism of algebras. □ 

This allows us to replace for G modules, the invariant theory for G, which is not ruled by 
Hilbert’s theory since U is not reductive, with the one of the reductive group G, and obtain 
in this way the desired statements on hnite generation. In fact a simple argument as in 
Hilbert theory shows the following. 

Let M be a module hnitely generated over a hnitely generated commutative algebra A. 
Assume that a linearly reductive group G acts on M, and on A by automorphisms in a 
compatible way, that is g{am) = g{a)g{m), a E A, m E M then 

Lemma 3.27. The space of invariants is finitely generated as a module over the finitely 
generated algebra A^. 

Proof. Consider the A submodule AM^ of M. It is hnitely generated by some elements 

rui, ..., mfc G . 

Thus if M G we have u = aiirii, a* G A. Now the map A^ ^ M given by Yhi is 
G equivariant so it commutes with the projection to the invariants (in A called the Reynolds 
operator R), so u = R{ai)mi, R{ai) E A^ hence is generated over A^ by the elements 

ruj. □ 

At this point we only have to apply the theory of graded modules over graded algebras, here 
the grading is by the semigroup of dominant weights (which one can identify to and use 
the fact that the algebra F{G)^ is hnitely generated by elements which have as weight the 
fundamental weights. Thus if U is a hnitely generated module over the hnitely generated 
algebra A with G action, we have that V 0 F{G)^ is a hnitely generated module over the 
hnitely generated algebra A ® F{G)^ with diagonal G action. We deduce 
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Theorem 3.28. is a finitely generated module over the finitely generated algebra . 

Corollary 3.29. If V and A are as before, and V = (BxmxSx{F^), the generating function 
® ^lional function, in the variables tt := with denominator a product of 
I- = I- {Fi = 1 - Hi C • 

The fii = mj G M are the dominant weights of some finite set of irreducible 

representations generating A as algebra. 

Proof. If 1/ = (Bx'mxSxiP’^) we have = (BxmxSx{F^)^, and Sx{F^)^ is 1-dimensional 
generated by a vector of weight A so J2x is the Hilbert series of the graded module 
(graded by dominant weights). Then compute the generating function of using its 
identihcation with [A (g) F{G)^)^ and then apply Lemma 13.221 and Lemma 13.271 we only 
need to remark that the torus T acts on [A ® F{G)^)^ by acting on F{G) on the right and 
under the identihcation the weight is preserved. 

□ 

In the algebras which we are studying and the various graded objects associated we have the 
action of Gl{k) which is in fact a polynomial action, that is no inverse of the determinant 
appears. 

The action of the torus of diagonal matrices ai,... ,ak determines the weight decomposition 
so the multi-grading and the grading. 

The fundamental weight ti := Ui = 0102 ... a* has degree i so the ordinary Hilbert series of 
is given by substituting ti := 1—)■ f so that 1-^ 

Notice that in degree n the dimension of Vff equals the length or number of irreducible 
components in which decomposes. 

Corollary 3.30. The length of Vn is a nice rational function with numerator a polynomial 
in 7j[t\ and denominator a product as factors of type 1 — t^\ 

3.4.4 Cocharacters 

We want to apply the previous Theory to cocharacters. Let H be a PI algebra satisfying 
a Capelli identity (or rather a Capelli list) G^- By Kemer’s theorem this is in fact PI 
equivalent to a hnite dimensional algebra. 

We have then that the cocharacter Xk = J2x\-k\ht{x)<m’^k,xXx is a sum of irreducible charac¬ 
ters xa associated to partitions with height < m. 

Consider the generating function J2kiJ2x\-k\ht{x)<m'‘^^^^)- ^e write t^ = 11^7^ := 

t-, n:={ni,..., Um-i) where Ui equals the number of columns of A of length i. 

Theorem 3.31. The generating function XIa^a^^ of the multiplicities of the cocharacters 
is a nice rational function LS. 2,I\) that is it has the form 

Hco = T-rm .n N ^ pit) e 

The generating function of the colengths is also a nice rational function 


(25) 
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Proof. From what we have seen nx is the multiplicity of the irreducible representation Sx{X) 
in the relatively free algebra Xa{,X) associated to A. We know that this multiplicity equals 
the multiplicity of S\{X)^ fRemark 12.81 and 12.101) which equals S'A({a:i,... ,Xm-i})^ ■ Now 
we have for the free algebra in m — 1 variables the canonical hltration, where each Ki/Ki_i 
is a GL{k) module, so it has a generating series of cocharacters and Hco = Yhi^lo- 
Furthermore Ki/Ki_i satishes the hypotheses of Theorem 13.281 with V = Ki/Ki_i and 
A = Ti- So for each Ki/Ki_i we may apply corollary 13.291 giving a contribution to Formula 
fl^ of the same type. 

For the colength we apply Corollary 13.301 □ 

Remark 3.32. In principle the rational function describing the generating series of the 
cocharacters contains all the information on the codimension. The series of codimensions is 
obtained from the series of cocharacters by a formal linear substitutions of a monomial 
by It may be worth of further investigation the properties of this linear map on 

the space of power series which are expressed by rational functions. 

3.5 Invariants of several copies of V 

In the next section we shall deduce some precise estimates on the dimension (cf. Definition 
13.231) of the rational functions expressing cocharaters and colength for a fundamental algebra. 
We need some general facts hrst. Let us ask the following question, let R be a vector space 
of some dimension k and G a semisimple group acting on V. The invariants of m copies R™ 
under the action of G are also a representation of GL{m, F), in fact from Cauchy’s Formula 
we have 

R[(R*)-] = ©aFa(R*) ® Sx{F^) R[(R*)™]^ = ©a^a(R*)^ ® Sx{F^). 

If we are interested in understanding the multiplicity with which a given representation 
S'a(F’"*) appears we know that it equals dim S'a(R)‘^ provided that m is larger than the 
height of A but it may appear only if the height of A is < dim R. Thus this multiplicity 
stabilizes for m > dim R. On the other hand if U is the unipotent group of SL{k, F) of 
strictly upper triangular matrices we have 

^[(R*)fe]Gxf/ ^ ® SxiF’^f, dim Sx{F^f = 1. 

Thus the generating function of these multiplicities is the generating function of S'[(R*)™']'^’^^. 
In particular for the growth we need to compute the dimension of the algebra S'[(R*)”*]‘^^^. 
This we compute as follows, from the previous section we have that 

^[(R*)fc]Gxc/ _ ® F{SL{k)ff^^^^^\ (26) 

Theorem 3.33. If G acts faithfully on V and G x SL{k) acts freely on a non empty open 
set of the variety x SL{k)/U the dimension of S[{y*Y]^'^^ is 

e + k 


2 


dim (G). 


(27) 
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Proof. From Formula fl26|) this dimension is the dimension of the quotient variety of G x 
SL{k) acting on the variety x W, where W is the variety of coordinate ring F{SL{k))^ 
which contains SL{k)/U as dense open set so its dimension is — 1) — 

The group SL{k, F) is semisimple and simply connected, so by a Theorem of Popov (cf. [22] 
Corollary of Proposition 1) the coordinate ring of SL{k, F) is factorial, then, since 17 is a 
connected group, also the ring F{SL{k))^ is factorial hence the variety 17^ x hF is factorial. 
For a semisimple group H acting on an irreducible affine variety X which is also factorial 
and with the generic orbit equal to H or just with hnite stabilizer one knows, by another 
Theorem of Popov, cf. [28] , that the generic orbit is closed so equals the generic hber and, 
by Hilbert’s theory, the quotient variety has dimension dim W — dim H. 

These hypotheses are satished and we have in our case dim W = k"^ + ^ since 

H = G X SL{k) we have dim H = dim G + k'^ — 1. The formula follows. □ 

From this Formula we see that only for somewhat small G we may have this strong condition. 
It is then useful the following criterion. 

Proposition 3.34. IfG acts faithfully on a space V of dimension k and the generic stabilizer 
of the action of G on V is a torus, G x SL{k) acts freely on a non empty open set of 
X SL{k)/U and G x U acts freely on a non empty open set ofV^. 

Proof. In fact let us look at the stabilizer of ((ui,... ,Vk), U) it is the subgroup of G x 17 
stabilizing (ui,... ,Vk). Then, for a generic choice of (ui,... ,Vk) this is the stabilizer of a 
generic orbit of G x 17 on 17^ so it is enough to show that this is trivial. 

The action of {g,u) on a vector (ui,... ,Vk) is the action of u on {gvi,... ,gvk). Moreover 
n = 1 + A is some triangular matrix with Xj^i ^ 0, j < i so hnally. 

{g,u){vi,...,Vk) = {wi,...,Wk), Wi = gVi + '^Xj^igVj. (28) 

j<i 

Hence if {g, u) stabilizes the vector (ui,..., Vk) we must have Vi = Wi Vi 
In particular vi = gvi, V 2 = gv 2 + Aui. So since vi is generic is a semisimple element being 
in a torus. Decompose 17 = 179 0 17^ invariants and a stable complement, write each 
Uj = cZj T Q-j G 17^, bi G Vg. 

Consider thus 02 + 1^2 = '^'2 = gv 2 + Aui = 02 + gb 2 + Aoi, this implies that 62 — gb 2 = Aoi G 
17g n 17^ = {0} implies 62 — gb 2 = 0 but this implies 62 G 17® hence 62 = 0. Since 62 is generic 
in 17 ^ this implies 17g = 0 or = 1. Thus form Formula fl28ll we deduce J2j<i 
Then since (ui,... ,Vk) are generic they are linearly independent and this implies Xj^i = 0 
and also u = 1. □ 

3.5.1 Colength 

We want to investigate now the colength of 72 = where R is the relatively free 

algebra, in k variables, of some hnite dimensional algebra. By dehnition the colength is the 
function i{Rn) of n which measures the number of irreducible representations of GL{k,F) 
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decomposing the part Rn of degree n. If k is larger than the degree m of a Capelli list 
satished by A we also know that the colength stabilizes. 

Let Sa = ®’i=iTni{m) be the ring of invariants of m copies of a semisimple algebra A = 
under its automorphism group G = Y\^PSL{ni). 

The algebra comes from Formula (12^ for = A = under the group G = 

]^. PSL{ni) which acts faithfully on A and it is semisimple. Moreover the generic element 
of A is a list of matrices each with distinct eigenvalues so that the stabilizer is a product of 
maximal tori. We thus have verified all the properties of Proposition 13.341 we can thus apply 
Theorem 13.331 and then the formula for the dimension of is given by Formula (l27ll where 
k = dim A = t = while dim G = ~ ^) = t ~ Q- 

We hnally get for the quotient the dimension 

Proposition 3.35. If A = ©LiM„,(F), G = U.PSL{n i) the dimension of the algebra 
of Formula equals + q. 

Proof. Here we apply Formula fl?r|) with k = t and dim G = t — q. □ 

We now want to apply this to Fa the relatively free algebra of a fundamental algebra A and 
the trace ring Ta- 

Proposition 3.36. If Fa is the relatively free algebra of a fundamental algebra A with 
A = the dimension of the rational function of colengths is 

F — t 2 

+ g, t = 

i=l 

Proof. By lemma 13.111 the ring of invariants Sa is a finite (torsion free) module over the 
trace ring Ta so, by Theorem 13.281 a finite (torsion free) module over Ta and hence the 
dimension of Ta equals that of S^. The proposed dimension is the dimension of the colength 
function of Sa hence also of TaFa, which is a hnite torsion free module over Ta- But also 
Fa contains an ideal Ka which is an ideal for TaFa hence it has the same dimension. 

□ 

For a general relatively free algebra i?, using the standard hltration we have that the colength 
of R is the sum of the co lengths of the factors Ki+i/ Ki and we have seen that the generating 
function ;= is a nice rational function with denominator a product of 

factors 1 — F\ So, for large n the colength £{Rn) is a quasi-polynomial of some degree d — 1 
where d is the order of the pole of iL£(R) at f = 1 . 

Each one of these factors iFj+i/JFj is a hnite module over some hnitely generated algebra 
Tr. C ©jTaj , where Ri quotient of Ri is the relatively free algebra associated to an algebra 
A = ®jAj, direct sum of fundamental algebras Aj all with the same Kemer index, the one 
of Ri. Tr. C ®jTAj is the coordinate ring of some union of the varieties Wj associated to the 
fundamental algebras Aj. By Theorem 13.11 Moreover iPj+i/iPj C ©j(iFj+i/iFj)j, and each 
[Kij^i/Ki)j is torsion free over the corresponding Tar We claim that the number d is also 
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the maximum of the order of the pole of the Hilbert series of the colength of Ta^ hence the 
dimension of T^.. Let us summarize these results for R{m) a relatively free in m variables 
satisfying some Capelli list C^+i. Denote by Ri the quotients of the standard hltration 


Theorem 3.37. The generating function of the colength of R{m) is a nice rational function 
which stabilizes for m> k. 


£2 _^. 

When m > k this rational function has dimension max(-^-^ 
index of Ri while qt is its q invariant fDeftnition \3.20\) . 


+ qf) where ti is the first Kemer 


Proof. The only thing which requires some proof is the dimension. This computation de¬ 
pends on the following fact the dimension of a nice rational function associated to a gener¬ 
ating sequence YhiCW^Ci > 0 is the order of the pole at f = 1. Hence one has easily, from 
Proposition 13.241 that the dimension of the sum of several nice rational functions associated 
to generating sequences 'YhiCWWi > 0 equals the maximum of these dimensions. In our 
case one has to compute the maximum arising from the colength in the standard filtration 
and finally the argument is, using the previous discussion for fundamental algebras, like the 
argument of Theorem 13.191 □ 


4 Model algebras 

4.1 The canonical model of fundamental algebras 

We want to discuss now the problem of choosing special fundamental algebras in the PI 
equivalence classes. In corollary 13.141 we have seen that two Pl-equivalent fundamental 
algebras have isomorphic semi-simple parts. Thus it is natural to study fundamental algebras 
A with a given fixed semi-simple part A = (F) so that ld{A) = t = Yl'i=i '^1- 

From Lemma 12.221 it follows that the second Kemer index 7 ( 4 ), which for a fundamental 
algebra coincides with the maximum s for which 7 ^ 0, must be > q — 1- The case 
7 ( 4 ) = g — 1 is attained by upper triangular matrices with semi-simple part 4. 

So our present goal is to analyse fundamental algebras with given 4 and Kemer index 
t = dim (4), s > g — 1. We use now Dehnition 12.251 and Proposition 12.261 
Consider a T-ideal I of identities of a fundamental algebra 4 = 4 © J, we have seen in 
Corollary 13.141 that the semisimple part 4 is determined by I. 

We want to construct a canonical fundamental algebra having semisimple part 4 and I as 
T-ideal I of identities. This algebra is constructed as in §2.21 

First we construct a universal object. Take the free product A-kF{X), for X = {xi,..., Xm}- 
We assume m> q where g is the number of simple blocks of 4. 

We now take this free product modulo the ideal of elements of degree > s +1 in the variables 
W, where s is some hxed integer, call resulting algebra. 

Xas{^) is a hnite dimensional algebra with semisimple part 4 and Jacobson radical J of 
nilpotency s + 1 generated by the Xi. It satishes a universal property among such algebras. 
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Remark 4.1. Given a finite dimensional algebra A, with semisimple part A and Jacobson 
radical J of nilpotency s + 1 any map X ^ J, extends to a unique homomorphism of 
to A which is the identity on A. 

Given a hnite dimensional algebra A with given t, s index we dehne As{X) to be 
modulo the ideal generated by all polynomial identities of A. 

The Jacobson radical Jg of As{X) (and also of is the ideal generated by the x, and 

its semisimple part is A. 

By construction and Remark 14.11 given any list of elements ai,... ,am, G J there is a mor¬ 
phism TT : .4.s(Jf) —)■ A which is the identity on A and maps Xi i—)■ Oj. 

For m sufficiently large this morphism may be chosen so that the radical Jg maps surjectively 
to the radical J so also the map of .4.s(X) to A is surjective, hence .4,s(X) satisfies the same 
PI as A. 

Definition 4.2. We now define X^^g and .4,^ to be the algebras X^g(X) and 4,<j(X) where 
X is formed by s variables. 

Lemma 4.3. Ag satisfies the same identities as A. 

Proof. By construction all identities of A are satisfied by Ag, so we need to prove the converse 
and we may take a multilinear polynomial F which is not a PI of A. Then there is a 
substitution of / in A, which we may assume to be restricted, which is non zero. 

In this substitution at most s variables are in the radical the others are in some matrix units 
of A. 

We now take the same substitution for matrix units in A and the remaining variables, which 
we may call yi,... ,yk, k < s we substitute in xi,..., G Ag. 

By the universal property the evaluation of / in 4 factors through this evaluation in Ag 
which therefore is different from 0. □ 

Lemma 4.4. Let B,A = B/I be two finite dimensional algebras, J the radical of B and 
I <Z J so A, B have the same semisimple part A. 

Assume that A, B have the same nilpotency index and A is fundamental, then B is funda¬ 
mental and with the same Kemer index as A. 

Proof. The assumption implies that A, B have the same t, s index, then the statement follows 
from Theorem 12.231 since by by hypothesis the Kemer index of A equals the t, s index, on the 
other hand clearly the Kemer index of B, which is less or equal than its t, s index, cannot 
be less than the Kemer index of A. □ 

Proposition 4.5. Fa,s are fundamental algebras with Kemer index t = dim [A), s. 

Proof. This follows from Theorem 12.231 since by construction its Kemer index equals the t, s 
index. □ 

Definition 4.6. We call Ag the canonical model of A. 
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Definition 4.7. The algebra is the universal fundamental algebra for ^ 4 , 5 . 

Remark that only if m is sufficiently large we have that iF^g{X) is fundamental, since we 
need the existence of some fundamental algebra quotient of iF^ g{X). We claim that we have 
the exact condition m > q — 1. 

For m = g — 1 we may take as fundamental algebra an algebra R of upper triangular matrices 
with A as semisimple part it is easily seen that such an algebra is generated by g — 1 elements 
over A. 

In fact the algebra R can be described as the direct sum (Bi<j hom(14, Vj) where dim Vi = n*. 
A = ®i hom(Vi, Vi) and hom(l/j, Vj) is an irreducible module under hom(Vi, 14 ) ©hom(l^', Vj) 
for this we may take the elements a non zero matrix in the corresponding block 

hom( 14 , 14 +i). 

Remark also that by construction the nilpotent subalgebra of R^ g{X) generated by the Xj 
is a relatively free nilpotent algebra. 

Question Is the T-ideal of identities of g irreducible, and how is it described? 

4.1.1 Description of R^ g{X) 

Let V be the vector space with basis the elements Xj. In degree h the algebra Ra,s{^) = 
^A,s(y) can be described as follows, consider 

Definition 4.8. Let Ai be the monoid in two generators a, b with relation a? = a. 

Elements of this monoid correspond to words in a, b in which aa never appears as sub-word. 
When we multiply two such words, if we have the factor aa appearing we reduce it by the 
rule to a. 

Now to such a word w we associate a tensor product of A whenever we have an a and V 
when we have a b 

w = abbab e^Tyj = A^V^V^A^V. 

The multiplication of two such words WiW 2 according to the previous rule, induces a multi¬ 
plication C We take the corresponding tensor product and if we get a factor 

y4 ( 8 ) A we replace it by A by multiplication. 

Then we see that Ra,s{^) is the direct sum ©T^ where w runs over all the words of previous 
type with at most s appearances of b. It is a graded algebra over this monoid, truncated at 
degree s in b. 

As representation of GL{m, F) xG = GL(y) x G, Ra,s(V) in degree h, is a direct sum of Cij 
spaces each isomorphic to A®* ( 8 ) V^^ where c*j is the number of words in A4 with i times a 
and j times b. The summands correspond to the type of elements in the free product which 
are monomials in j elements of V and i elements of A. 

Corollary 4.9. Having fixed s the GL{V) invariant subspaces of RA,siy) intersect 
J'A,s(ys) where Vg is the subspace of dimension s spanned by the first s variables. 
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Proof. This is a property of each h < s. A GL{V) invariant subspace is generated by 

its highest weight vectors which in depend on the hrst h elements of a chosen basis of 
V (the variables). □ 

4.2 Some complements 

4.2.1 Generalized identities 

The algebra should be thought of as a free algebra in a suitable category, so we give 

the following 

Definition 4.10. Given an algebra R, an R-algebra is any associative algebra S with a 
bimodule action of i? on S' satisfying 

’^(SlS 2 ) = (’^Si)s 2 , (SiSa)’^ = 51(52^-), (51^)82 = Si(rS 2 ), Vr e R, Si,S 2 e S. (29) 
Given an i?-algebra S we can give to i? © S' a structure of algebra by setting 

(ri, Si)(r 2 , S2) = (riSi, riS 2 + Sir’2 + S1S2) 

the axioms fl2^ are the ones necessary and sufficient to have that i? © S' is associative. 

The canonical model has the following universal property, consider a nilpotent algebra R 
satisfying the PTs of 4, with = 0 and equipped with a A algebra structure, according 
to Dehnition 14.101 

Then any map oi X ^ R extends to a map ^ 4 © i? equal to j on A. 

In particular As behave as relatively free A algebras. 

The endomorphisms of resp. As which are the identity on A correspond to arbitrary 

substitutions of the variables Xi with elements of the radical. 

This gives rise to the notion of T-ideal in R^ g{X) or ideal of generalised identities. 

Recall that, in an algebra R a verbal ideal is an ideal generated by the evaluations in i? of a 
T-ideal. In other words a verbal ideal is an ideal I oi R minimal with respect to the property 
that R/I satishes some given set of polynomial identities. 

The verbal ideals of Ra,s dehning the algebras As are clearly T-ideals, but not all T-ideals 
are of this type as even the simplest examples show (cf. Example 14.lip . 

In particular the action of the linear group GL{m, F) on the vector space with basis the 
elements Xi and also the automorphism group G of 4 extend to give a group GL{m, F) x G 
of automorphisms of Ra^s{^) As- 

Thus the kernel of the quotient map R^^si.^) As is stable under the group GL{m, F) x G 
of automorphisms. 

In fact the possible ideals of R^^siAi) appearing in this way are all verbal ideals evaluations 
on RA^s{Ai) of a T ideal T which contains the Pi’s of A. Of course, since A = ©i=iM„.(T) 
this condition is that T contains the Pi’s of n x n matrices where n = maxnj. 
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Not all such verbal ideals can occur but only the ones for which the Kemer index is t, s. 
There is the further condition that do not decrease the nilpotency order s + 1, this must be 
included if we hx m. If we let m increase then it will be automatically satished. 

In fact the previous analysis conhrms the choice oi m = s given in 14.21 and proved in 14.31 
This may also be interpreted as hxing a Capelli identity satished by the algebras under 
consideration. 

Example 4.11. A = F, s = l then if e is the unit of F the algebra is 5 dimensional 
with basis 

•j •j ^%Jb 0^0 0 

One can see that there are 4 verbal ideals contained in the radical, for the identities 

[x,y], [x,y]z, z[x,y], z[x,y]w. 

There are 5, T-ideals. The radical is a T-ideal but not verbal, the corresponding verbal 
ideal is ex, xe, exe. 

As for verbal ideals one may construct them as follows. Take a multilinear polynomial 
f{yi,... ,yh) which is also a polynomial identity of A, that is of n x n matrices where 
n = maxn,. 

We may consider all possible evaluations of this polynomial in which some of the variables 
yj are substituted with matrix units in A and the remaining variables are left unchanged 
but free to be evaluated in the radical. 

Then we may leave out of the semisimple evaluation at most s variables which we can 
evaluate in the elements xi,..., x*. 

In this way we have constructed a hnite list of elements in and the ideal they generated 
is the verbal ideal associated to f{yi,..., yu). 

4.3 Moduli 

We have seen that the canonical fundamental algebras with a given A and s are the quotients 
of the hnite dimensional algebra Fa,s modulo verbal ideals. Thus it is natural to ask if these 
quotients arise in algebraic families. 

Proposition 4.12. Let A he a finite dimensional algebra, the set of ideals, respectively T- 
ideals is closed in the Grassmann variety of subspaces of codimension h. 

Proof. Let / be a subspace, the condition to be an ideal is that it should be stable under 
multiplication, left and right, by elements of A, instead the condition of being a T-ideal is 
to be stable also under endomorphisms of A. 

For any linear operator p ■. A ^ A the set of subspaces stable under p is closed in the 
Grassmann variety hence the claim. 


□ 
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The condition that / is verbal is that it coincides with the ideal generated by the elements 
/(oi,..., tth) for some set of multilinear polynomials. 

Since A is finite dimensional if I is generated by the evaluations of some set / of multilinear 
polynomials it is also generated by the evaluations of hnitely many of them. 

So every verbal ideal is in some class 14 of verbal ideals which can be generated by some 
multilinear polynomials f{yi ,... ,yh) with h < k. In particular thus given some sequence of 
possible codimensions d := {di}, i = 1,..., k we may consider the set 14 ,d of verbal ideals 
of A of codimension h generated by T ideals of those given codimensions. 

Proposition 4.13. Let A be a finite dimensional algebra, the set of verbal ideals Vh^d is 
locally closed in the Grassmann variety of subspaces of codimension h. 

Proof. Let be the space of multilinear polynomials in k variables and Gh{A) the Grass¬ 
mann variety of codimension h subspaces of A. In x Gh{A) consider the subset Aik,h,A 
of these pairs /, U such that all evaluations of / in 4 lie in the subspace U, clearly Aik,h,A 
is closed, the projection map : Aik,h,A Gh{A) has the property that the hbre of U is 
the linear subspace of Mk of the polynomials / such that all evaluations of / in 4 lie in 
the subspace U. Since the dimension of a fibre is semicontinuous we have a stratification of 
Gh{A) by locally closed sets where the dimension is fixed. In particular we have a locally 
closed subset Gh,d{A) where the dimension of the fibre of vr* equals 4 for all i < k. 

This then intersected with the closed subset of subspaces which are ideals defines again a 
locally closed set Xd, on this variety we have two vector bundles, the tautological bundle Ud 
which at some point U has as hbre the ideal U, and the bundle W := ©jWj whose hbre is 
the direct sum of the hbres Wi = {yVi)u at some ideal U, formed by the direct sum of the 
spaces of multilinear polynomials of degree i <k which evaluated in 4 take values which he 
in U. 

In this set we have to identify the subset of the ideals generated by the evaluations of the 
corresponding polynomials and we claim that this condition is open. 

This condition is given by imposing that a certain linear map has a maximal rank. The map 
is the following for a multilinear polynomial f in k variables the span of its image is the 
image of the map / : A®^ -A- A. For a space W of multilinear polynomials we have a map 
144 ® A®^ —)■ 4, globally we have have a map of vector bundles 

©jWj ® 4* —^ hid- 


For the ideal generated by these polynomials we have to add the polynomials xfy with two 
extra variables x, y which will induce a map ©jW* © 4*"''^ —)■ Ud- The verbal ideals is the 
open set of Xd where this map of vector bundles is surjective. The condition to be surjective 
is then clearly open in U. 

□ 

Finally when we apply this to fundamental algebras we need the further restriction to take 
those verbal ideals of which do not contain the part of degree s, this is again an open 
condition. 
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4.3.1 A canonical strnctnre of Cayley—Hamilton algebra 

We finally make a further connection with a construction from invariant theory. We give to 
J^A,s ^ canonical structure of Cayley-Hamilton algebra as follows. 

Given a G we set t{a) := str{a) where a E A = and we take as trace the 

sum of the traces of the components which are matrices. 

We claim that with this dehnition of trace the elements satisfy the (iV + l)s Cayley-Hamilton 
identity where N = even the Ns Cayley-Hamilton identity if the algebra has an 

identity. 

This follows from Formula flTT|) . 

We then have universal embeddings C M( 7 v+i)<i(C), As C M( 7 v+i)s(Ca) with U,Ua = 
U/I commutative rings over which acts the projective linear group G := PGL{{N + l)s) 
and we have canonical isomorphisms and a commutative diagram 

TT TT 

A (30) 

TT TT 

with the vertical maps surjective. 

We can make a further reduction, by special properties of Ua so that A embeds in matrices 
in a standard way. 

This depends upon the fact that all embeddings of A into M(^ai+i)s{F) which are compatible 
with the given trace are conjugate, this should mean that Ua is the coordinate ring of a 
homogeneous space and then there is a standard reduction to the subgroup. 

We cannot expect to reduce the embedding as into the same matrix algebra over F. 
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